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HILBERT FUNCTIONS OF ARTINIAN GORENSTEIN ALGEBRAS
WITH THE STRONG LEFSCHETZ PROPERTY
NASRIN ALTAFI
Abstract. We prove that a sequence h of non-negative integers is the Hilbert function
of some Artinian Gorenstein algebra with the strong Lefschetz property if and only if it is
an SI-sequence. This generalizes the result by T. Harima which characterizes the Hilbert
functions of Artinian Gorenstein algebras with the weak Lefschetz property. We also provide
classes of Artinian Gorenstein algebras obtained from the ideal of points in Pn such that
some of their higher Hessians have non-vanishing determinants. Consequently, we provide
families of such algebras satisfying the SLP.
1. Introduction
An Artinian graded algebra A over a filed k is said to satisfy the weak Lefschetz prop-
erty (WLP for short) if there exists a linear form ℓ such that the multiplication map
×ℓ : Ai → Ai+1 has maximal rank for every i ≥ 0. Algebra A is said to satisfy the strong
Lefschetz property (SLP) if there is a linear form ℓ such that ×ℓj : Ai → Ai+j has maximal
rank for each i, j ≥ 0. Determining which graded Artinian algebras satisfy the Lefschetz
properties has been of great interest (see for example [4, 5, 11, 15, 16, 22, 24] and their refer-
ences). It is known that every Artinian algebra of codimension two in characteristic zero has
the SLP, it was proven many times using different techniques, see for example [16] and [6].
This is no longer true for codimension three and higher and in general not easy to determine
Artinian algebras satisfying or failing the WLP or SLP. Studying the Lefschetz properties
of Artinian Gorenstein algebras is a very interesting problem. The h-vector of an Artinian
algebra with the WLP is unimodal. In general there are examples of Artinian Gorenstein
algebras with non-unimodal h-vector and hence failing the WLP. R. Stanley [25] gave the
first example with h-vector h = (1, 13, 12, 13, 1). Later D. Bernstein and A. Iarrobino [1] and
M. Boij and D. Laksov [3] provided examples of non-unimodal Gorenstein h-vector h1 = 5.
Sequence h = (h0, h1, . . . ) is a Stanley-Iarrobino sequence, or briefly SI-sequence, if it is
symmetric, unimodal and its first half, (h0, h1, . . . , h⌊ d
2
⌋) is differentiable. R. Stanley [25]
showed that the Hilbert functions of Gorenstein sequences are SI-sequences for h1 ≤ 3. By
the examples of non-unimodal Gorenstein Hilbert functions it is known that it is not true
necessarily for h1 ≥ 5 . It is still open for h1 = 4. It is known that any SI-sequence is a
Gorenstein h-vector [7, 21]. T. Harima in [14] gave a characterization on h-vectors of Ar-
tinian Gorenstein algebras satisfying the WLP. In this article we generalize this result and
characterize h-vectors of Artinian Gorenstein algebras satisfying the SLP, see Theorem 3.2.
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In section 4, we consider classes of Artinian Gorenstein algebras which are quotients of
coordinate rings of a set of k-rational points in Pn
k
. We prove that for a set X of points in
P
n
k
which lie on a rational normal curve any Artinian Gorenstein quotient of A(X) satisfies
the SLP, Theorem 4.3. Higher Hessians of dual generators of Artinian Gorenstein algebras
was introduced by T. Maeno and J. Watanabe [20]. We study the higher Hessians of dual
generators of Artinian Gorenstein quotients of A(X). We show Artinian Gorenstein quotients
of A(X) where X ⊂ P2
k
lie on a conic satisfy the SLP, Theorem 4.5. We also prove non-
vanishing of the determinants of certain higher Hessians in Theorems 4.6 and 4.7 for Artinian
Gorenstein quotients of coordinate ring of points X ⊂ P2
k
where X contains points on a conic
and a line respectively. We then in Corollary 4.8 provide classes of such Artinian algebras
satisfying SLP.
2. Preliminaries
Let S = k[x0, . . . , xn] be a polynomial ring equipped with the standard grading over a
field k of characteristic zero and Pn = Pn
k
= ProjS. Let A = S/I be a graded Artinian (it has
Krull dimension zero) algebra where I is a homogeneous ideal. The Hilbert function of A in
degree i is hA(i) = hi = dimk(Ai). Since A is Artinian the Hilbert function of A is identified
by its h-vector, h = (h0, h1, h2, . . . , hd) such that hd 6= 0. The integer d is called the socle
degree. The graded k-algebra is Gorenstein if it has a one dimensional socle degree. Without
loss of generality we may assume that I does not contain a linear form (form of degree 1)
so h1 = n + 1 and is called the codimension of A. If A is Gorenstein then the h-vector is
symmetric and so hd = 1. A sequence h = (h0, . . . , hd) is called a Gorenstein sequence if h
is the Hilbert function of some Artinian Gorenstein algebra.
Let h and i be positive integers. Then h can be written uniquely in the following form
(2.1) h =
(
mi
i
)
+
(
mi−1
i− 1
)
+ · · ·+
(
mj
j
)
,
where mi > mi−1 > · · · > mj ≥ j ≥ 1. This expression for h is called the i-binomial
expansion of h. Also define
(2.2) h〈i〉 =
(
mi + 1
i+ 1
)
+
(
mi−1 + 1
i
)
+ · · ·+
(
mj + 1
j + 1
)
where we set 0〈i〉 := 0.
A sequence of non-negative integers h = (h0, h1, . . . ) is called an O-sequence if h0 = 1
and hi+1 ≤ h
〈i〉
i for all i ≥ 1. Such sequences are the ones which exactly occur as Hilbert
functions of standard graded algebras.
Theorem 2.1 (Macaulay [19]). The sequence h = (h0, h1, . . . , hd) is an O-sequence if and
only if it is the h-vector of some standard graded Artinian algebra.
We say h = (h0, h1, . . . ) is differentiable if its first difference ∆h = (h0, h1 − h0, . . . ) is an
O-sequence. Moreover, an h-vector is called unimodal if h0 ≤ h1 ≤ · · · ≤ hi ≥ hi+1 ≥ · · · ≥
hd. Sequence h = (h0, h1, . . . ) is Stanley-Iarrobino sequence, or briefly SI-sequence, if it is
symmetric, unimodal and its first half, (h0, h1, . . . , h⌊ d
2
⌋) is differentiable.
Now we recall the theory of Macaulay Inverse systems. Define Macualay dual ring R =
k[X0, . . . , Xn] to S where the action of xi on R, which is denoted by ◦, is partial differentiation
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with respect to Xi. For a homogeneous ideal I ⊆ S define its inverse system to be the graded
S-module M ⊆ R such that I = AnnS(M). There is a one-to-one correspondence between
graded Artinian algebras S/I and finitely generated graded S-submodules M of R, where
I = AnnS(M) and is the annihilator of M in S, conversely, M = I
−1 is the S-submodule of
R which is annihilated by I. Moreover, the Hilbert functions of S/I and M are the same,
in fact dimk(S/I)i = dimkMi for all i ≥ 0. See [9] and [17] for more more details.
By a result by F.H.S. Macaulay [18] it is known that an Artinian standard graded k-algebra
A = S/I is Gorenstein if and only if there exists F ∈ Rd, such that I = AnnS(F ).
Definition 2.2. [20, Definition 3.1] Let F be a polynomial in R and A = S/AnnS(F ) be
its associated Artinian Gorenstein algebra. Let Bj = {α
(j)
i +AnnS(F )}i be a k-basis of Aj .
The entries of the j-th Hessian matrix of F with respect to Bj are given by
(Hessj(F ))u,v = (α
(j)
u α
(j)
v ◦ F ).
We note that when j = 1 the form Hess1(F ) coincides with the usual Hessian. Up to a non-
zero constant multiple detHessj(F ) is independent of the basis Bj. By abuse of notation we
will write Bj = {α
(j)
i }i for a basis of Aj . For a linear form ℓ = a0x0 + · · ·+ anxn we denote
by Hessjℓ(F ) the Hessian evaluated at the point P dual to ℓ that is P = (a0, . . . , an).
The following result by T. Maeno and J. Watanabe provides a criterion for Artinian
Gorenstein algebras satisfying the SLP.
Theorem 2.3. [20, Theorem 3.1] Let A = S/AnnS(F ) be an Artinian Gorenstein quotient
of S with socle degree d. Let ℓ be a linear form and consider the multiplication map ×ℓd−2j :
Aj −→ Ad−j. Pick any bases Bj for Aj for j = 0, . . . , ⌊
d
2
⌋. Then linear form ℓ is a strong
Lefschetz element for A if and only if
detHessjℓ(F ) 6= 0,
for every j = 0, . . . , ⌊d
2
⌋.
Definition 2.4. Let A = S/Ann(F ) where F ∈ Rd. Pick bases Bj = {α
(j)
u }u and Bd−j =
{β
(d−j)
u }u be k-bases of Aj and Ad−j respectively. The entries of the catalecticant matrix of
F with respect to Bj and Bd−j are given by
(CatjF )uv = (α
(j)
u β
(d−j)
v ◦ F ).
Up to a non-zero constant multiple det CatjF is independent of the basis Bj . The rank
of the j-th catalecticant matrix of F is equal to the Hilbert function of A in degree j,
see [17, Definition 1.11].
Throughout this paper we denote by X = {P1, . . . , Ps} the set of s distinct points in
P
n. Denote the coordinate ring of X by A(X) = S/I(X), where I(X) is a homogeneous
ideal of forms vanishing on X . For each point P ∈ X we consider it as a point in the
affine space An+1 and denote it by P = (a0, . . . , an) and the linear form in R dual to P is
L = a0X0 + · · ·+ anXn. We set
(2.3) τ(X) := min{i | hA(X)(i) = s}.
A. Iarrobino and V. Kanev [17] have proved that a general enough hyperplane in A(X)d for
d ≥ τ(X) generates an Artinian Gorenstein algebra with the Hilbert function as hA(X) up
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to degree ⌊d
2
⌋. M. Boij in [2] provides the special form of the dual generator for an Artinian
Gorenstein quotients of A(X).
Proposition 2.5. [2, Proposition 2.3] Let A be any Artinian Gorenstein quotient of A(X)
with socle degree d such that d ≥ τ(X) and dual generator F . Then F can be written as
F =
s∑
i=1
αiL
d
i
where α1, . . . , αs ∈ k, are not all zero.
Proposition 2.6. [2, Proposition 2.4] Assume that d ≥ 2τ(X) − 1 and F =
∑s
i=1 αiL
d
i
where αi 6= 0 for all i. Let A be the Artinian Gorenstein quotient of A(X) with dual generator
F . Then the Hilbert function of A is given by
hA(i) =
{
hA(X)(i) 0 ≤ i ≤ ⌊
d
2
⌋,
hA(X)(d− i) ⌈
d
2
⌉ ≤ i ≤ d.
The following well known result guarantees the existence of set of points X ⊆ Pn with
given Hilbert function under an assumption on the Hilbert function.
Theorem 2.7. [10, Theorem 4.1] Let h = (h0, h1, . . . ) be a sequence of non-negative inte-
gers. Then there is a reduced k-algebra with Hilbert function h if and only if h is a differen-
tiable O-sequence.
3. Hilbert functions of Artinian Gorenstein algebras and SI-sequences
In this section we give a characterization of the Hilbert functions of Artinian Gorenstein
algebras satisfying the SLP which generalizes Theorem 1.2 in [14]. We do so by using the
higher Hessians of the Macaulay dual form of Artinian Gorenstein algebras. We first provide
an explicit expression for the higher Hessians of such polynomials F =
∑s
i=1 αiL
d
i .
Lemma 3.1. Let A be an Artinian Gorenstein quotient of A(X) with dual generator F =∑s
i=1 αiL
d
i where αi 6= 0 for all i and d ≥ 2τ(X) − 1. Then for each 0 ≤ j ≤ τ(X) − 1 we
have that
(3.1) detHessj(F ) =
∑
I⊆{1,...,s},|I|=hA(X)(j)
cI
∏
i∈I
αiL
d−2j
i ,
where cI ∈ k.
Moreover, cI 6= 0 if and only if for XI = {Pi}i∈I we have that hA(X)(j) = hA(XI)(j).
Proof. We have that
Hessj(F ) =
s∑
i=1
αiHess
j(Ldi ).
Notice that Hessj(Ldi ) is equal to L
d−2j
i times an scalar matrix. Let
T = k[α1, . . . , αs, L1, . . . , Ls] to be a polynomial ring over k. For each i denote Li =
ai,0X0 + · · · + ai,nXn and define the action of S on T by xj ◦ Li = ai,j and xj ◦ αi = 0
for every 1 ≤ i ≤ s and 0 ≤ j ≤ n.
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We consider detHessj(F ) as a bihomogeneous polynomial in T having bidegree(
hA(X)(j), (d− 2j)hA(X)(j)
)
. We claim that detHessj(F ) is square-free in αi’s. To show
the claim it is enough to show that α21L
2(d−2j)
1
∏hA(X)(j)−1
i=2 αiL
d−2j
i has zero coefficient. As-
sume not, then detHessj(F ) 6= 0 when we set αhA(X)(j) = · · · = αs = 0. This implies that
the Hilbert function of the coordinate ring of {P1, . . . , PhA(X)(j)−1} in degree j is equal to
hA(X)(j) which is a contradiction.
Now assume that let I ⊆ {1, . . . , s} such that |I| = hA(X)(j). If cI 6= 0 in Equation (3.1)
setting αi = 0 for every i ∈ {1, . . . , s} \ I implies that detHess
j(F ) 6= 0 and therefore
hA(X)(j) = hA(XI)(j). Conversely, assume that we have hA(X)(j) = hA(XI)(j) then since
|I| = hA(X)(j) we pick Bj = {L
j
i}i∈I as a basis for A(X)j. Therefore, setting αi = 0 for
every i ∈ {1, . . . , s} \ I implies that Hessj(F ) with respect to Bj is a diagonal matrix with
diagonal entries equal to d!
(d−2j)!
αiL
d−2j
i for every i ∈ I which implies that cI 6= 0. 
Now we are able to state and prove the main result of this section.
Theorem 3.2. Let h = (h0, h1, . . . , hd) be a sequence of positive integers. Then h is the
Hilbert function of some Artinian Gorenstein algebra with the SLP if and only if h is an
SI-sequence.
Proof. Suppose A is an Artinian Gorenstein algebra with the Hilbert function h and the
strong Lefschetz element ℓ ∈ A1 that is in particular the weak Lefschetz element and using
[14, Theorem 1.2] we conclude that h is an SI-sequence.
Conversely, assume that h is an SI-sequence. We set h1 = n + 1 and ht = s where
t = min{i | hi ≥ hi+1}. So we have
(3.2) h = (1, n+ 1, . . . , s, . . . , s, . . . , n+ 1, 1) .
Define sequence of integers h = (h0, h1, . . . ) such that hi = hi for i = 0, . . . , t and hi = s
for i ≥ t. Assuming that h is an SI-sequence implies that h is a differentiable O-sequence
and by Theorem 2.7 there exists X = {P1, . . . , Ps} ⊆ P
n such that the Hilbert function
of its coordinate ring A(X) is equal to h, that is hA(X) = h. Denote by {L1, . . . , Ls} the
linear forms dual to {P1, . . . , Ps}. As in Proposition 2.5, let A be the Artinian Gorenstein
quotient of A(X) with dual generator F =
∑s
i=1 αiL
d
i for d ≥ 2τ(X), notice that τ(X) = t.
By Proposition 2.6, in order to have hA = h we must have αi 6= 0 for all i. Let L be a
linear form dual to P ∈ Pn such that X ∩ P = ∅ and denote by ℓ the dual linear form to
L. Therefore, βi := ℓ ◦ Li 6= 0 for every 1 ≤ i ≤ s. We claim that there exist α1, . . . , αs
such that ℓ is the strong Lefschetz element for A. First note that for every j = t, . . . , ⌊d
2
⌋
the multiplication map by ×ℓd−2j : Aj → Ad−j can be considered as the multiplication map
on A(X), that is ×ℓd−2j : A(X)j → A(X)d−j which has trivially maximal rank.
Now we prove that there is a Zariski open set for αi’s such that for every j = 0, . . . , t− 1
the j-th Hessian matrix of F evaluated at ℓ has maximal rank, that is
rkHessjℓ(F ) = hA(j) = hj .
Using Lemma 3.1 we get that
(3.3) detHessjℓ(F ) =
∑
I⊆{1,...,s},|I|=hj
cI
∏
i∈I
αiβ
d−2j
i
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where cI 6= 0 if and only if hA(XI)(j) = hj for XI = {Pi}I . Notice that since there is at least
one subset I such that cI 6= 0 the determinant of the j-th Hessian is not identically zero.
Therefore, det Hessjℓ 6= 0 or equivalently rkHess
j
ℓ(F ) = hj for each i = 0, . . . , t− 1, provides
a Zariski open subset of Ps−1 for αi’s and therefore the intersection of all those open subsets
is non-empty. Equivalently, there is an Artinian Gorenstein algebra A such that hA = h and
satisfies the SLP with ℓ ∈ A1. 
4. Higher Hessians of Artinian Gorenstein quotients of A(X)
In this section we prove the non-vanishing of some of the higher Hessians for any Artinian
Gorenstein quotient of A(X) for X ⊂ Pn under some conditions on the configuration of the
points in X . In some cases we conclude that they satisfy the SLP.
Proposition 4.1. Let X = {P1, . . . , Ps} be a set of points in P
n and A be any Artinian
Gorenstein quotient of A(X) with dual generator F =
∑s
i=1 αiL
d
i for d ≥ 2τ(X)−1. Assume
that hA(j) = s− 1 for some j ≥ 0 then there is a linear form ℓ such that
detHessjℓ(F ) 6= 0.
Proof. Using Lemma 4.4 we have that
detHessj(F ) =
∑
I⊆{1,...,s},|I|=s−1
cI
∏
i∈I
αiL
d−2j
i .
We prove that detHessj(F ) 6= 0 as a polynomial in Xi’s. Without loss of generality assume
that for I = {2, . . . , s} we have that c{2,...,s} 6= 0. Then if det Hess
j(F ) is identically zero we
get that
c{2,...,s}
s∏
i=2
αiL
d−2j
i = −α1L
d−2j
1

 ∑
I⊆{2,...,s},|I|=s−2
cI
∏
i∈I
αiL
d−2j
i

 .
This contradicts the fact that R = k[X0, . . . , Xn] is a unique factorization domain. We
conclude that there exists ℓ such that detHessjℓ(F ) 6= 0. 
Proposition 4.2. Let s ≥ 3 and X = {P1, . . . , Ps} be a set of points in P
2 in a general
linear position. Let A be any Artinian Gorenstein quotient of A(X) with dual generator
F =
∑s
i=1 αiL
d
i for d ≥ 2τ(X) − 1 and assume that hA(j) = s − 2 for some j ≥ 0. Then
there is a linear form ℓ such that
detHessjℓ(F ) 6= 0.
Proof. If hA(j + 1) < s− 2 then Hess
j(F ) = CatjF and trivially has maximal rank.
If hA(j+1) > s−2 then assumption onX implies that hA(j+1) = s. Since if hA(j+1) = s−1
then ∆hA(X) ends with at least three ones which by E. D. Davis’s theorem [8] X contains at
least three colinear points. So
hA = (1, 3, . . . , s− 2, s, . . . , s︸ ︷︷ ︸
k
, s− 2, . . . , 3, 1),
for some k ≥ 1. Note that for a linear form ℓ such that ℓ ◦ Li 6= 0 for every i we get that
the multiplication map ℓd−2i : Ai → Ad−i for every j + 1 ≤ i ≤ ⌊
d
2
⌋ is a map on A(X)
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in the same degrees and therefore has maximal rank. So detHessjℓ(F ) 6= 0 if and only if
det Hessjℓ(ℓ
k ◦ F ) 6= 0. Denote by βi = ℓ ◦ Li 6= 0 for each i. So we have that
G := ℓk ◦ F =
d!
(d− k)!
s∑
i=1
αiβ
k
i L
d−k
i .
The Artinian Gorenstein quotient of A(X) with dual generator G has the following Hilbert
function
(1, 3, . . . , s− 2, s− 2, . . . , 3, 1).
Therefore, it is enough to show that detHessjℓ(F ) 6= 0 for some ℓ in the case hA(j) =
hA(j + 1) = s− 2. Note that in this case d = 2j + 1. By Lemma 4.4 we have that
(4.1) detHessj(F ) =
∑
I⊆{1,...,s},|I|=s−2
cI
∏
i∈I
αiLi,
such that cI 6= 0 if and only if hA(X)(j) = hA(XI)(j). Without loss of generality assume that
c{3,...,s} 6= 0. Suppose that detHess
j(F ) = 0 then
c{3,...,s}
s∏
i=3
αiLi = −α1L1

 ∑
I⊆{3,...,s},|I|=s−3
cI
∏
i∈I
αiLi

−α2L2

 ∑
I⊆{1,3,...,s},|I|=s−3
cI
∏
i∈I
αiLi

 .
Common zeros of L1 and L2 correspond to the line passing through P1 and P2. By the
assumption this line does not pass through any other point in {P3, . . . , Ps} which means that
the left hand side of the above equality is nonzero on the points where L1 = L2 = 0 which
is a contradiction. So this implies that detHessj(F ) 6= 0 and therefore det Hessjℓ(F ) 6= 0, for
some linear form ℓ. 
Theorem 4.3 (Points on a rational normal curve). Let X = {P1, . . . , Ps} be a set of points
in Pn lying on a rational normal curve. Assume that A is an Artinian Gorenstein quotient
of A(X) with dual generator F =
∑s
i=1 αiL
d
i for d ≥ 2τ(X) and αi 6= 0 for every i. Then A
satisfies the SLP.
Proof. Denote by Y = {Q1, . . . , Qs} ⊂ P
1 the preimage of X under the Veronese embedding
ϕ : P1 −→ Pn. For each i = 1, . . . , s denote by Ki the linear form in k[S, T ] dual to Qi. Let
B be any Artinian Gorenstein quotient of the coordinate ring of Y , k[S, T ]/I(Y ), with dual
generator G =
∑s
i=1 βiK
nd
i .
Artinian Gorenstein algebra B has the following Hilbert function
hB = (1, 2, 3, . . . , s, . . . , s︸ ︷︷ ︸
k
, . . . , 3, 2, 1),
for some k ≥ 1 since we have assumed that d ≥ 2τ(X) and αi 6= 0 for every i. It is known
that B has the SLP for some linear form ℓ ∈ B1. Consider the linear form ℓ
′ := ϕ(ℓn) ∈ A1
so
rk
(
×(ℓ′)d−2j : Aj −→ Ad−j
)
= rk
(
×(ℓ)n(d−2j) : Bnj −→ Bnd−nj
)
= nj + 1 = dimkAj .
Thus A satisfies the SLP with linear form ℓ′. 
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The above proposition shows that every Artinian Gorenstein quotient of A(X) such that
X ⊂ P2 consists of points on a smooth conic satisfies the SLP. We will show that the SLP
also holds when X ⊂ P2 consists of points on a singular conic.
First we need to prove a lemma.
Lemma 4.4. Let A = B + C be a square matrix of size 2m− 1 for m ≥ 1 as the following
(4.2) B =


f1 f2 . . . fm 0 · · · 0
f2 f3 . . . fm+1 0 · · · 0
...
...
...
...
...
fm fm+1 . . . f2m 0 · · · 0
0 0 . . . 0 0 · · · 0
...
...
...
...
...
0 0 . . . 0 0 · · · 0


, C =


0 . . . 0 0 · · · 0 0
0 . . . 0 0 · · · 0 0
...
...
...
...
...
0 . . . 0 g2m . . . gm+1 gm
...
...
...
...
...
0 . . . 0 gm+1 . . . g3 g2
0 . . . 0 gm . . . g2 g1


.
Then
detA = (detB{1,...,m−1})(detC{m,...,2m−1}) + (detB{1,...,m})(detC{m+1,...,2m−1}),
such that for a subset J ⊂ {1, . . . , 2m− 1} we denote by BJ and CJ the square submatrices
of B and C respectively with rows and columns in the index set J .
Proof. We have that
detA =
∑
σ∈S2m−1
signσA1σ1 . . . A(2m−1)σ2m−1 ,
where the entry Aiσi is the entry in row i and column σi. Then we split detA in the following
way
detA =(
∑
σ∈Sm−1
signσA1σ1 . . . A(m−1)σm−1)Am,m(
∑
τ∈Sm−1
signτA(m+1)(m+τ1) . . . A(2m−1)(m+τm−1))
+ (
∑
σ∈Sm,σm 6=m
signσA1σ1 . . . Amσm)(
∑
τ∈Sm−1
signτA(m+1)(m+τ1) . . . A(2m−1)(m+τm−1))
+ (
∑
σ∈Sm−1
signσA1σ1 . . . A(m−1)σm−1)(
∑
τ∈Sm,τ1 6=1
signτAm(m−1+τ1) . . . A(2m−1)(m−1+τm))
=(detB{1,...,m−1})(detC{m,...,2m−1}) + (detB{1,...,m})(detC{m+1,...,2m−1}).

Theorem 4.5. Assume that X = {P1, . . . , Ps} is a set of points in P
2 which lie on a conic.
Let A be an Artinian Gorenstein quotient of A(X) with dual generator F =
∑s
i=1 αiL
d
i , for
d ≥ 2τ(X) and αi 6= 0 for every i. Then A satisfies the SLP.
Proof. If X lies on a smooth conic applying Theorem 4.3 for n = 2 we get the desired
result. Now suppose that X consists of points on a singular conic that is a union of two
lines in P2. Suppose that X1 := {P1, . . . , Ps1} is a subset of X which lie on one line and
X2 := {Q1, . . . , Qs2} is a subset of X with the points on the other line, so X = X1 ∪ X2.
If X1 ∩ X2 = ∅ then s1 + s2 = s otherwise s1 + s2 − 1 = s. Denote by Li the linear form
dual to Pi for 1 ≤ i ≤ s1 and by Ki the linear form dual to Qi for each 1 ≤ i ≤ s2. Let
F1 =
∑s1
i=1 aiL
d
i and F2 =
∑s2
i=1 biK
d
i for linear forms Li and Ki where F = F1+F2. By linear
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change of coordinates we may assume that Li = u0,iX0 + u2,iX2 and Ki = v1,iX1 + v2,iX2
such that u0,i, u2,i, v0,i, v2,i ∈ k for every i. The Hilbert function of A is equal to
hA = (1, 3, 5, . . . , 2k + 1, s, . . . , s, 2k + 1, . . . , 5, 3, 1) ,
where k is the largest integer such that 2k + 1 ≤ s. If s = 2k + 1 then τ(X) = k and
otherwise τ(X) = k + 1. Let j be an integer such that 1 ≤ j ≤ τ(X) − 1. Consider the
following ordered monomial basis for A in degree j
Bj = {x
j
0, x
j−1
0 x2, . . . , x0x
j−1
2 , x
j
2, x
j−1
2 x1, . . . , x2x
j−1
1 , x
j
1}.
The j-th Hessian of F with respect to Bj is the following matrix
Hessj(F ) = Hessj(F1) + Hess
j(F2) =
s1∑
i=1
aiHess
j(Li) +
s2∑
i=1
biHess
j(Ki)
=


Cj0 C
j
1 . . . C
j
j · · · 0 0
Cj1 C
j
2 . . . C
j
j+1 · · · 0 0
...
...
...
...
...
Cjj C
j
j+1 . . . C
j
2j +D
j
2j . . . D
j
j+1 D
j
j
...
...
...
...
...
0 0 . . . Djj+1 . . . D
j
2 D
j
1
0 0 . . . Djj . . . D
j
1 D
j
0


where we set Cji = (x
j−i
0 x
i
2) ◦ F1 and D
j
i = (x
j−i
1 x
i
2) ◦ F2 for each i = 0, . . . , j.
Then using Lemma 4.4 we get that
(4.3) detHessj(F ) = (detCj{0,...,j−1})(detD
j) + (detDj{1,...,j})(detC
j),
where we set Cj =


Cj0 C
j
1 . . . C
j
j
Cj1 C
j
2 . . . C
j
j+1
...
...
...
Cjj C
j
j+1 . . . C
j
2j

 and Dj =


Dj2j D
j
2j−1 . . . D
j
j
Dj2j−1 D
j
2j−2 . . . D
j
j−1
...
...
...
Djj D
j
j−1 . . . D
j
0

 and we
denote by Cj{i1,...,ir} the square submatrix of C
j of size r with rows and columns i1, . . . , ir,
similarly for Dj.
Let A1 and A2 be Artinian Gorenstein quotients of A(X1) = k[x0, x2]/I(X1) and A(X2) =
k[x1, x2]/I(X2) with dual generators F1 and F2 respectively. We observe that C
j = Hessj(F1)
and Dj = Hessj(F2). Since every Artinian algebra of codimension two has the SLP we have
that detCj 6= 0 and detDj 6= 0.
We set
F ′1 := x
2
0 ◦ F1, F
′
2 := x
2
1 ◦ F2.
Then Cj{0,...,j−1} is equal to the (j − 1)-th Hessian of F
′
1 with respect to the ordered basis
{xj−10 , x
j−2
0 x2, . . . , x
j−1
2 }. Similarly, D
j
1,...,j = Hess
j−1(F ′2) with respect to {x
j−1
2 , x
j−2
2 x1, . . . , x
j−1
1 }.
So using the result that Artinian algebras in codimension two have the SLP we get that
detHessj−1(F ′1) = detC
j
{0,...,j−1} 6= 0, and det Hess
j−1(F ′2) = detD
j
{1,...,j} 6= 0.
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Therefore, Equation (4.3) is equivalent to
(4.4) detHessj(F ) = (detHessj−1(F ′1))(detHess
j(F2)) + (detHess
j−1(F ′2))(detHess
j(F1)).
Note that assuming d ≥ 2τ(X) and 1 ≤ j ≤ τ(X)− 1 implies that
deg(detHessj−1(F ′1)) < deg(detHess
j(F1)), deg(detHess
j−1(F ′2)) < deg(detHess
j(F2)).
Therefore, det Hessj(F ) 6= 0 unless whenXd−2j2 is a factor of both detHess
j(F1) and detHess
j(F2)
so we must have X1∩X2 6= ∅ and s = s1+s2−1. On the other hand, using Lemma 3.1 we get
that detHessj(F1) is in fact a non-zero monomial in Li’s and j = s1. Similarly, we get j = s2.
So s = 2s1 − 1 = 2s2 − 1 = 2k + 1 and therefore τ(X) = k and s1 = s2 = k + 1 = τ(X) + 1.
This contradicts the assumption that j ≤ τ(X)− 1.
For each τ(X) ≤ j ≤ ⌊d
2
⌋ the j-the Hessian of F correspond to the multiplication map on
A(X) and then trivially has maximal rank for general enough linear forms.
Note that detHess0(F ) = F 6= 0. Therefore, we have proved that there is a linear form ℓ
such that detHessjℓ(F ) 6= 0 for every 0 ≤ j ≤ ⌊
d
2
⌋ and equivalently A has the SLP. 
We now prove that if X ⊆ P2 contains points on a conic then higher Hessians of F after
some point are non-zero.
Theorem 4.6. Let X = {P1, . . . , Ps} be a set of points in P
2 and A be an Artinian Goren-
stein quotient of A(X) with dual generator F =
∑s
i=1 αiL
d
i , for d ≥ 2τ(X) and αi 6= 0 for
every i. Suppose that the first difference of hA is equal to
∆hA = (1, 2, h2 − 3, . . . , 2k, . . . , 2τ(X)),
for some 1 ≤ k < τ(X). Then there is a linear form ℓ such that for every k − 1 ≤ j ≤ ⌊d
2
⌋
detHessjℓ(F ) 6= 0.
Proof. E. D. Davis’s theorem [8] implies that since ∆hA(X) is flat the set X is a union
of 2τ(X) + 1 points on a conic and s − 2τ(X) − 1 other points. We may assume that
P1, . . . , Ps−2τ(X)−1 lie outside the conic. Note that for each k − 1 ≤ j ≤ ⌊
d
2
⌋ we have that
hA(X)(j) = 2j +1+ s− 2τ(X)− 1 = s− 2τ(X) + 2j. Using Lemma 3.1 we get that for each
k − 1 ≤ j ≤ ⌊d
2
⌋
(4.5) detHessj(F ) =
∑
I⊆{1,...,s},|I|=hA(X)(j)
cI
∏
i∈I
αiL
d−2j
i ,
where cI 6= 0 if and only if hA(XI)(j) = hA(X)(j) = s− 2τ(X) + 2j. Notice that the Hilbert
function of the coordinate ring of the points on a conic in degree j is at most 2j+1. Therefore,
cI 6= 0 if and only if I contains s − 2τ(X) + 2j − (2j + 1) = s − 2τ(X) − 1 points off the
conic that means {1, . . . , s− 2τ(X)− 1} ⊂ I.
This implies that
∏s−2τ(X)−1
i=1 αiL
d−2j
i is a common factor of the right hand side of Equation
(4.5), so
(4.6) detHessj(F ) =
s−2τ(X)−1∏
i=1
αiL
d−2j
i

 ∑
I⊆{s−2τ(X),...,s},|I|=2j+1
cI
∏
i∈I
αiL
d−2j
i

 .
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Let Y := {Ps−2τ(X), . . . , Ps} be the subset of X which lie on a conic. Consider Artinian
Gorenstein quotient of A(Y ) with dual generator G =
∑s
i=s−2τ(X) αiL
d
i . Theorem 4.5 implies
that B has the SLP. Equivalently, for every 0 ≤ j ≤ ⌊d
2
⌋
detHessj(G) =
∑
I⊆{s−2τ(X),...,s},|I|=2j+1
cI
∏
i∈I
αiL
d−2j
i 6= 0.
This implies that the polynomial in Equation (4.6) is non-zero and we this completes the
proof. 
Similarly, using that all Artinian algebras in codimension two have the SLP we have the
following which proves non-vanishing of some of higher Hessians in the case where X ⊆ P2
contains points on a line.
Theorem 4.7. Let X = {P1, . . . , Ps} be a set of points in P
2 and A be an Artinian Goren-
stein quotient of A(X) with dual generator F =
∑s
i=1 αiL
d
i , for d ≥ 2τ(X) and αi 6= 0 for
every i. Suppose that the first difference of hA is equal to
∆hA = (1, 2, h2 − 3, . . . , 1k, . . . , 1τ(X)),
for some 1 ≤ k < τ(X). Then there is a linear form ℓ such that for every k − 1 ≤ j ≤ ⌊d
2
⌋
detHessjℓ(F ) 6= 0.
Proof. By Davis’s theorem [8] we get that there are exactly τ(X) + 1 points on a line and
s − τ(X) − 1 off the line. We may assume that P1, . . . , Ps−τ(X)−1 lie off the line. For each
k − 1 ≤ j ≤ ⌊d
2
⌋ we have hA(X)(j) = j + 1 + s− τ(X)− 1 = s− τ(X) + j.
So for each s− k ≤ j ≤ ⌊d
2
⌋ by Lemma 4.4 we get
(4.7) detHessj(F ) =
∑
I⊆{1,...,s},|I|=hA(X)(j)
cI
∏
i∈I
αiL
d−2j
i ,
where cI is non-zero if and only if hA(XI)(j) = hA(X)(j) = s − τ(X) + j. Since the Hilbert
function of the coordinate ring of the points on a line in degree j is at most j+1, in order for
the coordinate ring of {Pi}i∈I to have the Hilbert function equal to s− τ(X) + j in degree
j, I must contain all the indexes from 1 to s− τ(X) + j − (j + 1) = s− τ(X)− 1.
This implies that
(4.8) detHessj(F ) =
s−τ(X)−1∏
i=1
αiL
d−2j
i

 ∑
I⊆{s−τ(X),...,s},|I|=j+1
cI
∏
i∈I
αiL
d−2j
i

 .
Denote by Y := {Ps−τ(X), . . . , Ps} the points in X which lie on a line. Consider Artinian
Gorenstein quotient of A(Y ) with dual generator G =
∑s
i=s−τ(X) αiL
d
i and denote it by B.
Since B is an Artinian algebra of codimension two it satisfies the SLP. Equivalently, for every
0 ≤ j ≤ ⌊d
2
⌋
detHessj(G) =
∑
I⊆{s−τ(X),...,s},|I|=j+1
cI
∏
i∈I
αiL
d−2j
i 6= 0
This implies that detHessj(F ) 6= 0 for every k − 1 ≤ j ≤ ⌊d
2
⌋. 
12 NASRIN ALTAFI
As a consequence of Theorems 4.6 and 4.7 we provide a family of Artinian Gorenstein
quotients of X ⊆ P2 satisfying the SLP.
Corollary 4.8. Let X = {P1, . . . , Ps} be a set of points in P
2 and A be any Artinian
Gorenstein quotient of A(X) with dual generator F =
∑s
i=1 αiL
d
i , for d ≥ 2τ(X). Then A
satisfies the SLP if ∆hA is equal to one the following vectors
(1, 2, 1, . . . , 1︸ ︷︷ ︸
m
), (1, 2, 2, 1, . . . , 1︸ ︷︷ ︸
m
), (1, 2, 3, 1, . . . , 1︸ ︷︷ ︸
m
),(4.9)
(1, 2, . . . , 2︸ ︷︷ ︸
m
), (1, 2, 3, 2, . . . , 2︸ ︷︷ ︸
m
).(4.10)
for some m ≥ 2.
Proof. First we note that detHess0(F ) = F and since F is assumed to be non-zero for a
generic ℓ we have detHess0ℓ(F ) 6= 0. A well known result by P. Gordan and M. Noether [12]
implies that the Hessian of every form in the polynomial ring with three variables is non-zero.
Therefore, for a generic linear form ℓ we get that detHess1ℓ(F ) 6= 0.
Using Theorems Theorem 4.7 and 4.6 for the first difference vectors given in (4.9) and (4.10)
respectively we conclude that detHessjℓ(F ) 6= 0 for every 2 ≤ j ≤ ⌊
d
2
⌋ and a generic linear
form ℓ. This completes the proof. 
Remark 4.9. J. Migliore and F. Zanello [23, Theorem 5] characterize the Hilbert function of
algebras with the WLP. An immediate consequence of this result provides that any Artinian
algebra with the Hilbert functions listed in (4.9) and (4.10) has the WLP.
Summary. We end the section by summarizing what we have shown.
Let X = {P1, . . . , Ps} ⊆ P
n and F =
∑s
i=1 αiL
d
i , for d ≥ 2τ(X) and αi 6= 0 for every i.
For n ≥ 2 if X ⊆ Pn lies on a rational normal curve then any Artinian Gorenstein quotient
of A(X) with dual generator F satisfies the SLP, Theorem 4.3. This result is more general
for n = 2. In fact, if X ⊆ P2 lies on a conic (smooth or singular) then in Theorem 4.5
we prove that any Artinian Gorenstein quotient of A(X) with dual generator F satisfies
the SLP. When X ⊆ P2, we show in Theorems 4.6 and 4.7 that if the first difference of an
Artinian Gorenstein quotient of A(X) with dual generator F is equal to
∆hA = (1, 2, h2 − 3, . . . , 1k, . . . , 1τ(X)), or ∆hA = (1, 2, h2 − 3, . . . , 2k, . . . , 2τ(X))
for some 1 ≤ k < τ(X), then there is a linear form ℓ such that det Hessjℓ(F ) 6= 0 for every
k − 1 ≤ j ≤ ⌊d
2
⌋. As a consequence of these results we show that any Artinian Gorenstein
quotient A of A(X) with with ∆hA given in (4.9) and (4.10) satisfies the SLP, Corollary 4.8.
We also show in Proposition 4.1 that for every n ≥ 2 if the j-th Hilbert function of
an Artinian Gorenstein quotient of A(X) is equal to s − 1, that is hA(j) = s − 1, then
detHessjℓ(F ) 6= 0 for some ℓ. Also for X ⊆ P
2 in a general linear position we have that
detHessjℓ(F ) 6= 0 for some ℓ if hA(j) = s− 2, Proposition 4.2.
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